Introduction
In dimension one, a theorem of C. Sturm [34] says that the zeros (nodes) of an eigenfunction associated with the n-th eigenvalue of a self-adjoint Sturm-Liouville problem in a bounded interval divides the interval into n sub-intervals (nodal domains).
Let Ω ⊂ R n be a bounded domain (a bounded connected open subset). Consider the Dirichlet eigenvalue problem in Ω, Arrange the corresponding eigenvalues in non-decreasing order, with multiplicities,
Given a function u on Ω, the nodal set of u is defined to be (1.3) N (u) := {x ∈ Ω | u(x) = 0} .
The connected components of Ω \ N (u) are called the nodal domains of u. Denote by µ(u) the number of nodal domains of u.
In 1923, R. Courant [15] gave an upper bound for the number of nodal domains of the eigenfunctions of a self-adjoint eigenvalue problem. In particular, his theorem states that an eigenfunction associated with the n-th eigenvalue of the eigenvalue problem (1.1) has at most n nodal domains.
Sketch of the proof of Courant's theorem. -Let {u n }, n 1 be an orthonormal basis of eigenfunctions of problem (1.1), associated with the eigenvalues λ n (Ω), n 1. Let v be an eigenfunction, associated with the eigenvalue λ k (Ω). Assume that v has at least (k + 1) nodal domains, ω 1 , ω 2 , . . .. For 1 j k, define the function v j by,
One can find a linear combination w := k j=1 α j v j such that w is orthogonal to u 1 , . . . u k−1 , and has L 2 -norm 1. Taking into account the definition of v j , one finds that Ω |dw| 2 dx = λ k (Ω). It follows from the min-max that w is also an eigenfunction associated with λ k (Ω). Since w vanishes identically on the open set ω k+1 , it must be identically zero on Ω, which contradicts the fact that it has norm 1.
Note that an eigenfunction associated with λ 1 (Ω) has exactly one nodal domain (Ω is connected). For orthogonality reasons, an eigenfunction associated with the eigenvalue λ k (Ω), k 2, has at least two nodal domains. In particular, an eigenfunction associated with λ 2 (Ω) has exactly two nodal domains.
In his paper, Courant indicates that, for partial differential equations, it is easy to give examples of eigenvalues of higher rank and corresponding eigenfunctions with only two nodal domains. He does not give any detail, but we can guess that he had in mind the case of the square as described in Pockels' book [32, Chap. II. 6 
.b]. For the square ]0, π[×]0, π[⊂ R
2 , the Dirichlet eigenvalues are the numbers λ m,n = m 2 + n 2 , and a complete set of orthogonal eigenfunctions is given by the functions u m,n (x, y) = sin(mx) sin(ny), where m, n are positive integers. Figure 1 .1 displays the nodal sets of some eigenfunctions associated with the eigenvalues λ 2 = λ 3 (top row) and λ 4 = λ 5 (bottom row), corresponding respectively to λ 1,2 = λ 2,1 and λ 1,3 = λ 3,1 . Similarly, Figure 1 .2 displays some nodal sets for the
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NODAL SETS OF EIGENFUNCTIONS 3 eigenvalues λ 6 = λ 7 (top row) and λ 8 = λ 9 (bottom row), corresponding respectively to λ 2,3 = λ 3,2 and λ 1,4 = λ 4,1 . Note that Courant's upper bound is not sharp in the case of a multiple eigenvalue. Indeed, assume that, for some positive integers k and m,
Since any eigenfunction u associated with λ j (Ω), k+1 j k+m is also an eigenfunction associated with λ k (Ω), we have µ(u) k, so that Courant's upper bound is definitely not achieved for the eigenvalues λ j (Ω),
The following formulation of Courant's theorem takes care of possible multiplicities. Theorem 1.1. -Let N (λ) := #{j : λ j < λ} be the counting function. For any λ, let E(λ) be the eigenspace associated with λ if λ is an eigenvalue, and {0} otherwise. For any λ, let µ(λ) denote the maximum number of nodal domains of an eigenfunction in E(λ), possibly 0 if E(λ) = {0}. Then, µ(λ) N (λ) + 1. Remark. -Courant's theorem is quite general (no assumption on the degree of the operator nor on the number of variables), the main requirement being that the eigenvalue problem is self-adjoint. One can for example consider the Neumann eigenvalue problem for the Laplacian, or take Ω to be a compact Riemannian manifold, with or without boundary, and replace ∆ by the associated Laplace-Beltrami operator (for example the sphere with the spherical Laplacian). One can also consider non-compact cases, for example the isotropic quantum harmonic operator −∆ + |x| 2 in R 2 .
Natural questions. -In view of the preceding discussion, the following questions are natural.
Question 1 -Is the number 2 the best general lower bound for the number of nodal domains? How often does this phenomenon happen?
Question 2 -Can one give sharper upper (lower) bounds on the number of nodal domains?
Question 3 -Call the eigenvalue λ Courant-sharp whenever µ(λ) = N (λ) + 1. Can one characterize Courant-sharp eigenvalues? Can one determine the Courant-sharp eigenvalues of a given domain or manifold?
Question 1 is the main topic of these notes. It was first investigated by Antonie Stern [33] in her 1924 PhD thesis at the university of Göttingen, under the supervision of R. Courant. She considered the eigenvalue problem for the Laplacian in the square membrane with Dirichlet boundary conditions, and for the spherical Laplacian on the 2-sphere. In both cases, she proved that there exists an infinite sequence of eigenvalues, and corresponding eigenfunctions with exactly two nodal domains, see [4] (tags [Q1,K1,K2]) and Section 2 for more details. The spherical case was also studied by H. Lewy [28, 1977] . Courant-sharp eigenvalues of spheres and Euclidean balls are investigated in [22] . An infinite sequence of eigenfunctions with only two nodal domains on the flat square 2-torus is mentioned in [19] , with a reference to [23] , see Section 7 for more details.
Question 2 has first been tackled by Å. Pleijel [31, 1956] . Using the Faber-Krahn inequality, he proved that for any bounded domain Ω ⊂ R 2 , the number of nodal domains of a Dirichlet eigenfunction associated with λ k (Ω) is asymptotically less than 2 j 2 k < 0.7 k, where j denotes the least positive zero of the Bessel function J 0 . This result implies that there are only finitely many Courant-sharp Dirichlet eigenvalues. For more details, we refer to [6] and the survey [10] . See also the recent contributions [11, 12] for the case of the two-dimensional quantum harmonic oscillator, and [13] for Schrödinger operators with radial potentials.
In some cases, it is possible to improve Courant's upper bound by using symmetries. This occurs in particular for the spherical Laplacian on the sphere S 2 . The idea is to use the antipodal map, the fact that even and odd spherical harmonics are always orthogonal, and to adapt Courant's proof as sketched above. This also occurs for the isotropic quantum harmonic oscillator −∆+|x| 2 in R 2 . For more details, we refer to Leydold's papers [29, 30] and to [8, 7] . Question 3 is related to spectral minimal partitions. For more details, we refer to the survey [10] . VOLUME 32 (2014 VOLUME 32 ( -2015 Remarks.
(i) For domains, we have only mentioned the Dirichlet eigenvalues.
The same investigations can be made for the Neumann eigenvalues as well. To determine Courant-sharp eigenvalues for the Neumann problem turns out to be more difficult, we refer to [10] The paper is organized as follows. In Section 2, we summarize Stern's results and geometric ideas for the square membrane and for the 2-sphere. In Section 3, we revisit and complete Stern's proofs in the case of the square membrane. In Section 4, we explain Stern's results for the sphere. In Section 5, we explain how Stern's ideas can be applied to construct regular spherical harmonics with many nodal domains. In Section 6, we extend Stern's result to the case of the 2-dimensional isotropic quantum harmonic oscillator. In Section 7, we look at eigenfunctions of the flat rectangular 2-torus.
The results of Antonie Stern
Antonie Stern was born in Dortmund in 1892. She defended a PhD thesis in mathematics at Göttingen University on July 30, 1924 Stern's thesis is written in a rather discursive style. As far as Question 1 is concerned, the main results of her thesis can be summarized in theorem form as follows. 
Theorem 2.2 (Stern's results for the sphere). -On the 2-sphere, for any positive integer , there exists a spherical harmonic u of degree , such that
Upon reading [33] , it seemed to us that the proofs lacked some important details although the ideas were nice and geometric. We thought it useful to give complete proofs along these geometric ideas. Doing so, we actually obtained more precise quantitative results, and a better understanding of the bifurcations of nodal sets, see [6, 8] . Our methods also turned out to be useful to determine Courant-sharp Dirichlet eigenvalues of the equilateral, hemiequilateral and isosceles triangles [5] ; see [2] for the right-isosceles triangle with Neumann boundary condition, and [3] for 2-rep-tile domains with Neumann boundary condition. Theorem 2.2 was rediscovered by H. Lewy in 1977. Lewy's proofs [28] are less geometric and more analytic than Stern's proofs, see [8] for a comparison. He also proves that the lower bound 3 for spherical harmonics of even degree is sharp. Lewy was also a student of Courant. He defended his thesis in Göttingen in 1926. His paper does however not mention Stern's thesis.
Stern's ideas
We now describe Stern's ideas in the case of the square ]0,
SÉMINAIRE DE THÉORIE SPECTRALE ET GÉOMÉTRIE (GRENOBLE)
NODAL SETS OF EIGENFUNCTIONS As a matter of fact, Figure 2 .1 illustrates the case r = 6. For a proof of this claim, we refer to [6, Prop. 6.6 ], see also [19] . Remark. -It is interesting to note that the consideration of the fixed points already appears in the figures in Pockels's book (see also the corresponding picture in the book of Courant-Hilbert, [16, p. 302] 
Stern's proofs revisited
As the elements of proof given by Stern did not look sufficient, we looked into the following items.
• Give a precise description of the nodal set of the eigenfunction u 1,2r + u 2r,1 . • Establish the regularity of the nodal set of the function u 1,2r + µ u 2r,1 in the interior of the square, for µ close to 1 and different from 1 .
• Prove that the nodal set of u 1,2r + µ u 2r,1 is connected (in particular, that no connected component of the nodal set can avoid all the fixed points).
Recall the definition of the nodal set N (Φ) of a Dirichlet eigenfunction Φ of the square ]0, π[
Given an integer R, introduce the following one-parameter family of eigenfunctions associated with the eigenvalue λ 1,R = 1 + R 2 , 
New ingredients
To complete Stern's proofs, we introduce two key ingredients, and a technical one:
• the analysis of critical zeros, • the analysis of the trace of the nodal set on the boundary of the square, VOLUME 32 (2014 VOLUME 32 ( -2015 • separation lemmas.
As a by-product, we obtain qualitative versions of Stern's results, and a better understanding of the bifurcations of nodal sets in the family.
A critical zero of Φ θ is a point (x, y) such that Φ θ (x, y) = 0 and d (x,y) Φ θ = 0. The local structure of the nodal set in a neighborhood of a critical zero is determined by Bers' theorem. In dimension two, up to C 1 diffeomorphism, the nodal set in the neighborhood of a zero of order k is the same as that of a homogeneous harmonic polynomial of degree k, see [14] .
Remarks.
(i) In full generality, the preceding result holds at critical zeros of eigenfunctions in the interior of a 2-dimensional domain. Since the Dirichlet eigenfunctions of the square extend to the whole plane, the same property holds at boundary points as well (one has then to include the sides of the square in the nodal set). (ii) In their books Pockels and Courant-Hilbert do not say anything about the choice of the parameters for the pictures they produce. It is interesting to note that some of the parameters correspond precisely to the occurrence of critical zeros. (iii) T. Hoffmann-Ostenhof pointed out to us the Master degree thesis (Diplom Arbeit) of J. Leydold [29] which is based on a precise analysis of critical zeros.
The interior critical zeros of the function Φ θ 1,R are given by the equations,
They correspond to self-intersections of the nodal set. It follows that the only possible interior critical zeros are the points of the form (q i , q j ) where the cos q i are the zeros of the polynomial U R−1 (t). Furthermore, a given critical zero is associated with a unique value of the parameter θ ∈ [0, π[. As a consequence, the function Φ θ has no interior critical zero, except for a finite set of values of θ.
The trace of the nodal set N (Φ θ 1,R ) on the boundary of the square is determined by the equation (3.4) cos θ U R−1 (cos y) + sin θ U R−1 (cos x) = 0 ,
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where we have to fix x = 0 or x = π, and solve an equation in y; resp. where we have to fix y = 0 or y = π, and solve an equation in x. The points obtained in this manner are points at which an interior nodal arc hits the boundary. They are always critical zeros of order at least two. When they are of order at least three, they correspond to points in the boundary hit by at least two interior nodal arcs. Such higher order zeros are determined by the zeros of U R−1 (t).
The vertices of the square are treated separately. Using properties of the Chebyshev polynomials, one can prove the following properties for the functions Φ θ .
• The vertices are critical zeros of order two or four.
• The boundary critical zeros, away from the vertices, are of order two or three.
• The interior critical zeros are of order two.
• The fixed points are not critical zeros. At these points, the nodal set consists of a regular arc which is transversal to the horizontal and vertical lines.
Based on the preceding results, Figures 3.1-3.3 give the possible nodal patters in the white squares, respectively at the vertices, at the boundary or in the interior. Note that the configurations (Ae), (Ce) and (De) in In this section, we give a detailed proof in the particular case of λ 1, 4 . We work with the family of functions, (3.5) Φ θ 1,4 (x, y) := cos θ sin(x) sin(4y) + sin θ sin(4x) sin(y) , which we shall simply denote by Φ θ . Figure 3 .4. Typical nodal sets for λ 1, 8 We have the symmetries, Φ
Trace of the nodal set N (Φ θ ) on the boundary. -Assuming that θ ∈ [0, π 4 ], we find that the points at which the nodal set hits the boundary are located on the sides {x = 0}, respectively {x = π}, and that they are given by the equations, cos θ U 3 (cos y) + 4 sin θ = 0 , and cos θ U 3 (cos y) − 4 sin θ = 0 , respectively. VOLUME 32 (2014) (2015) There is one critical value of θ, namely θ c = arccos (   1  3   2 3 ). When θ < θ c , the trace consists of three points on each side (zeros of order 2); when θ = θ c , there are two points on each side (one zero of order 2, and one of order 3); when θ > θ c , there is one point on each side (a zero of order 2). Figure 3 .5 displays the checkerboard, the fixed points and the boundary points in the three cases. Let us for example consider the first case, θ < θ c . Recall that a nodal arc can only cross the edges of the small white squares at the vertices, and cannot cross the horizontal dotted lines (separation lemma). Start from the highest boundary point on the left side of the square. The nodal arc issued from this point has to leave the white smaller square at its south-east corner. From there, it cannot go below the dotted line, so that it must end up at the highest boundary point on the right side of the square. Looking at the arcs which are issued from the other boundary points, we see that the nodal set contains the three curves which appear in Figure 3 .7, right sub-figure in the bottom row. Any other connected component of the nodal set would not meet the boundary of the square, would not contain any of the fixed points, and would therefore be entirely contained within a small white square. We could therefore find a nodal domain entirely contained in a small white square, leading to a contradiction by domain monotonicity of Dirichlet eigenvalues. The cases θ = θ c and θ c < θ < π 4 can be treated VOLUME 32 (2014 VOLUME 32 ( -2015 18 PIERRE BÉRARD & BERNARD HELFFER , we first notice that the nodal set contains the anti-diagonal of the square, that the only boundary critical zeros are the two vertices, and that there are exactly two interior critical zeros located on the anti-diagonal. We can then apply the above reasoning starting from one of the two interior critical zeros, following a nodal arc orthogonal to the anti-diagonal.
Stern's result for the square revisited
The above methods allow us to give a more precise version of Stern's results for the square membrane. If 0 < |θ − π 4 | 1, the function Φ θ has no interior critical zero, and only two critical zeros (of order 2) on the boundary. One can then conclude using a local analysis of the deformation of the nodal set in a neighborhood
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of the critical zeros, the separation lemma (or a continuity argument), and the energy argument to exclude connected components in the interior of the small squares of the checkerboard. 
Stern's results for the sphere
The methods developed in Section 3 can be applied to the eigenfunctions of the Laplace-Beltrami operator on the two sphere S 2 . We only illustrate the results by some figures, referring to [8] for the details. In the figures, the nodal sets are viewed in the exponential map at the north pole (0, 0, 1).
The sphere S 2 , two nodal domains
Consider the family
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where Z is the zonal spherical harmonic of degree (with respect to the z-axis).
The two functions (x + iy) and Z give rise to a kind of checkerboard which can be colored according to the sign of the product (the checker patterns actually consist of spherical triangles and quadrilaterals). As in the case of the square, we have fixed points (points at which both functions vanish simultaneously) which are regular points of the family of eigenfunctions. It is easy to show that for θ positive, small enough, the function Φ θ 1 has no critical zero, so that its nodal set is a regular 1-submanifold of the sphere. To distinguish between the possible local nodal patterns, we prove a separation lemma, using the meridians which bisect the nodal domains of the function (x + iy) as barriers. Using the same kind of arguments as in the case of the square, one can determine the nodal set of Φ The simplest interesting case is = 3 . The nodal set of (x + iy) 3 is the union of six meridians. The nodal set of Z 3 (x, y, z) is the union of three latitude circles. There is only one critical value θ c of θ in the interval ]0, According to H. Lewy [28, Introduction] , any even spherical harmonic of positive degree has at least three nodal domains. For = 2r, α > 0 small enough, and µ > 0, consider the family of spherical harmonics 
Spherical harmonics with a prescribed number of nodal domains
In her thesis, Stern states two other interesting results [4] (tags [K3], [K4], families of spherical harmonics (3) and (5) respectively). They can be proved rigorously using the same arguments as in the preceding subsections. Remark. -One can also prove that any integer d is achieved at least once as number of nodal domains by some spherical harmonics. It is however not clear whether any d ≡ 1 (mod 4) can be achieved infinitely many times for different eigenvalues. 
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NODAL
Spherical harmonics on S 2 , with many nodal domains
For the sphere, J. Leydold [30] has conjectured that the maximum number µ m ( ) of nodal domains of a spherical harmonic of degree satisfies,
where the values in the right-hand side correspond to decomposed spherical harmonics in spherical coordinates. He proved the conjecture for 6. He also constructed spherical harmonics without critical zero and "many" nodal domains (the maximum number which is conjectured, divided by two), see also [18] . The above methods give a simple approach for the construction of such examples. This is illustrated by Figure 5 to work in spherical coordinates, and to start from a decomposed spherical harmonic whose nodal set consists of meridians and latitude circles (in blue in the figure), so that it has as many nodal domains as possible. Figure 5 .2. Sphere, eigenvalue ( + 1), = 4k + 3, k = 1 Such a spherical harmonic has many critical zeros as well (at the north and south poles, and at the intersections between meridians and latitude circles). A first perturbation (by a spherical harmonic whose nodal set consists of meridians, in red in the figure) eliminates all the critical zeros except the poles. Another perturbation (by a zonal harmonic) eliminates VOLUME 32 (2014 VOLUME 32 ( -2015 the critical zeros at the poles. The nodal sets of the perturbations appear in black in Figure 5 .1 (the first column displays the nodal sets after the first perturbation, the second column displays the nodal sets after the second perturbation). Figure 5 .2 illustrates another behaviour: the figures in the first line display the nodal sets after the first perturbation; the figures in the second and third lines display the nodal sets after the second perturbation, with a positive or negative perturbation parameter (the crossings open-up differently). We refer to [8] for more details.
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The 2D quantum harmonic oscillator
For the 2-dimensional harmonic oscillator, one can prove results similar to the results of the previous sections. It turns out that some of these results were given by J. Leydold in his unpublished Master degree thesis [29] . In his memoir, Leydold proves the following optimal result. Let H n be the nth eigenspace of the isotropic quantum harmonic oscillator, associated with the eigenvalue 2(n + 1). It has dimension (n + 1). If n = 4k, k 1, there exists an eigenfunction in H n with exactly three nodal domains, and this lower bound is the best possible. If n = 4k, there exists an eigenfunction in H n with exactly two nodal domains.
In this context, one can describe the evolution of nodal sets for some families of eigenfunctions, see [7] . One can for example consider the family of eigenfunctions
where n is an integer and x, y ∈ R 2 . One can determine the values of θ for which critical zeros occur and, as for the square and the sphere, describe how the nodal sets change along the θ-path. Figure 6 .1 displays a typical situation (with n = 7).
Using decomposed eigenfunctions in polar coordinates, one can also construct regular eigenfunctions of the harmonic oscillator with many nodal domains, as shown in Figure 6 .2, see [7] . In [19] , the authors mention that the family sin(2πmx+2πy) provides an example of an infinite sequence of eigenfunctions of T 2 1,1 with exactly two nodal domains. They refer to [23] , where this family is used to construct a metric g on T 2 , an infinite sequence
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of eigenvalues for the Laplacian ∆ g , and associated eigenfunctions whose number of critical points remains bounded. In this section, for the sake of completeness, we prove the following elementary result. Courant-sharp eigenvalues on the 2-torus, see also [26, 25] . The above proposition implies that for all even positive integer 2d, there exist infinite sequences of eigenfunctions on the flat torus T 2 a,b with exactly 2d nodal domains. Note that Léna also proves that there is a flat 2-torus, and an eigenfunction on this torus with exactly three nodal domains. It is not clear whether there is an infinite sequence of eigenfunctions with exactly three nodal domains.
Proof. -It turns out that, without loss of generality, one can assume that a = b = 1 and that m, n are positive. Let π : R 2 → T 2 denote the projection map. For m, n positive integers, and for α ∈ R, define the sets Claim 7.2. -For any fixed m and n, the sets c m,n,α and c m,n,β are disjoint unless α − β ≡ 1 (mod 1), in which case they coincide. Furthermore,the set c m,n,α is connected if and only if m, n are relatively prime. VOLUME 32 (2014 VOLUME 32 ( -2015 Remark. -As a matter of fact, one can prove a much more general result, see [20, Section 7] , in particular Lemma 7.4. 
